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Non-linear free vibration of a cable against a straight obstacle
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Abstract

The goal of this study was to show how the response of a cable was altered after it impacted a straight
obstacle. The two ends of the cable were held at the same level, and the cable was initially vibrating at its
first symmetric mode. The free vibration of a cable depends on the amplitude of vibration, the sag-to-span
ratio, and the ratio of the elastic to geometric stiffness as measured by Irvine and Caughey’s cable
parameter l2: How these variables affected the response of a cable interacting with a straight obstacle was
examined for three limiting cases: a nearly taut string, an extensible shallow-sag cable, and an inextensible
deep-sag cable. For a nearly taut string interacting with a straight obstacle in the absence of gravity, the
periodicity that occurs for a linear taut string was preserved even when the amplitude of vibration was
large. However, the frequency of vibration was modified due to the non-linear effects of large amplitudes.
The periodicity was lost if the cable was not taut both in the presence and in the absence of gravity. For the
case of a nearly taut string with gravity, the periodicity could be recovered if the obstacle assumed the shape
of the equilibrium configuration of the cable. This was because the obstacle no longer behaved as a straight
obstacle but as a convex obstacle whose radius of curvature decreased with decreasing amplitude-to-sag
ratio. The behavior approached that of a point obstacle in the limit. Shallow-sag cables were analyzed by
keeping the amplitude-to-sag ratio constant so that the obstacle behaved in a consistent manner.
Comparison of our findings with the results of Irvine and Caughey for the free vibrations of a cable in air
showed that the relative frequency based on the time to the first contact was not affected by the presence of
the obstacle for all values of l2: However, the relative frequency based on the time between the first two
contacts was slightly reduced when compared to the values corresponding to a non-interacting cable. This
was attributed to the longer persistent contact that developed between the cable and the obstacle. Similar
results were found for an inextensible deep-sag cable with various sag-to-span ratios. In both cases of
shallow- and deep-sag cables, the ratio of the initial amplitude to the distance between the cable and the
obstacle had a minimal effect on the reduction in the relative frequency.
r 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The purpose of this study is to investigate the non-linear effects of varying amplitude and
gravity on a cable vibrating against a straight obstacle. This problem has a number of practical
applications including ocean mooring lines interacting with the sea bottom due to motion of a
surface buoy, marine risers contacting each other due to vortex-induced vibrations, and ‘‘catch’’
wires hitting the deck of an aircraft carrier when a plane lands.
Cabannes [1] obtained the analytical solution for the simpler case of a linear taut string (with no

gravity) transversely vibrating in the presence of a straight obstacle. He found that, if the string is
allowed to hit the obstacle, the dynamic response is altered in a way that is related to the ratio
h=A0; where h is the distance from the obstacle to the equilibrium position of the string, and A0 is
the amplitude of a unimodal initial displacement (Fig. 1(a)). Contact occurs between the string
and the obstacle when h=A0p1: Cabannes [1] showed that, if h=A0 can be represented by a
rational number p=q (where p and q are the lowest integers), the motion is periodic with a period
ðp þ qÞ=2 times the period of a freely vibrating string. On the other hand, the motion is nearly
periodic if h=A0 is irrational.
The linear string model assumes that the tension is assumed constant along the string’s length

and constant with time, and the natural frequencies are constant for a given cable. This
assumption is valid if the amplitude of the motion and the equilibrium curvature due to gravity
are small. If these conditions are not met, the coupling between the in-plane transverse and the
longitudinal motion becomes important, and the dynamics need to be represented by the 2D cable
equations [2,3]. We will use the term, ‘‘cable,’’ to generally refer to a long and thin flexible body
with no bending stiffness.
The natural frequencies and the mode shapes of a freely vibrating cable in air depend on the

amplitude of vibration, the ratio of elastic-to-geometrical stiffness, and the ratio of equilibrium
sag to span. The question of how these natural frequencies vary from those of a linear taut string
has been investigated by number of researchers. For example, the effect of large amplitude was
first investigated by Carrier [2,3]. Carrier started with a set of non-linear cable equations, which
dates back to Euler (see Ref. [4]), and gave a perturbation solution in terms of amplitude.
Hagedorn and Schafer [5] included gravity while limiting the analysis to a shallow-sag cable. They
showed the variation in the natural frequency with the amplitude of the vertical displacement
using the assumed mode method. Takahashi and Konishi [6] significantly expanded the previous
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Fig. 1. Cables vibrating against straight obstacles: (a) zero gravity, (b) non-zero gravity.
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work by considering inclined as well as horizontal cables. Their analysis included three dimensions
and was not limited to small sag-to-span ratios.
The effect of the elastic and geometrical stiffness on the natural frequencies of a shallow-sag

cable was shown independently by Simpson [7], West and Geschwindner [8], and Irvine and
Caughey [9]. The limiting case of an inextensible cable with a shallow sag was investigated by
Rohrs [10]. Triantafyllou [11] expanded the analysis to an inclined cable.
Finally, the effect of sag on the natural frequencies has been demonstrated almost exclusively

by studies of inextensible cables. These include Routh [12], Pugsley [13], and Saxon and Cahn [14].
The range of dynamic behavior, covered by these results, spans the shallow-sag case of an almost
inextensible cable to the extreme deep-sag case of a vertically hanging chain.
In this paper, we extend the non-linear analysis of the free vibration of a cable to include

interaction with a straight obstacle. We investigate the effect of large amplitude on the taut-string
result of Cabannes and also examine how the shallow- and deep-sag results are affected by the
presence of the obstacle. We do this by first deriving a set of non-linear equations in two
dimensions, which we solve numerically. For this study, we will restrict the ratio h=A0 to

1
2
and 1

3
:

Also, we only look at the first symmetric mode. That is, the initial displacements must resemble
the first mode shape. The mode shapes for a shallow-sag cable are taken from Irvine and Caughey
[9] and for an inextensible cable from Saxon and Cahn [14]. Fig. 2 shows the regions where their
results are valid. It should be noted that the unshaded region represents a highly extensible cable
with a large sag such as a slinky. Such cables are rarely used in practice as load-carrying members.
Therefore, it is sufficient to look only at the limiting cases.

2. Mathematical formulation

There are many different ways to formulate the non-linear cable equations. For our purposes,
the equations of motion must be such that they can capture the non-linear effects of large
amplitude, the ratio of elastic to geometrical stiffness, and the equilibrium sag. In this section, we
will derive a set of fully non-linear equations of motion for a cable that is similar to the ones used
by Perkins and Mote [15] and Han and Benaroya [16]. The finite strain model is used to capture
the geometric non-linearities, which are important when the vibration amplitude and the
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curvature is large. Two perpendicular displacements are used as dependent variables. The
equations of motion are derived using Hamilton’s principle. The equations of motion are such
that the horizontal and vertical motions are non-linearly coupled.
Dimensional variables are denoted with a superscript �: For instance, the two displacements,

U�ðX�; t�Þ and V�ðX�; t�Þ; are the displacements of the central line of the cable in the global
Cartesian co-ordinates measured from the original location in the horizontal and vertical
directions as shown in Fig. 3. L� is the length of the undeformed cable and l� is the span or
the length between the two ends. X� is the Lagrangian co-ordinate, and x� is the horizontal
co-ordinate of the cable element X�: They are related by

x�ðX�; t�Þ ¼ X� þ U�ðX�; t�Þ: ð1Þ

X� ranges from 0 to L�; and x� ranges from 0 to l�: The displacements are normalized by L� such
that

U ¼ U�=L�; V ¼ V�=L�; X ¼ X�=L�; x ¼ x�=L�; l ¼ l�=L�: ð2Þ

The list of dimensional and non-dimensional variables is given in Appendix B.
The strain energy is defined by

PE�
strain ¼

Z
V0

Z
e�

s�ij de
�
ij dV�

0 ¼
1

2

Z
V0

s�ij e
�
ij dV�

0 ; ð3Þ

where V�
0 is the volume of the undeformed cable, s�ij is the second Piola–Kirchhoff stress and e�ij is

the Green’s strain. In our case, s�11 is the only non-zero stress and is related to the axial strain by
s�11 ¼ E�e�11; where E� is Young’s modulus and e�11 is the normal strain. In short, we will denote it
as e�: Green’s strain, e�; is defined by

e�ðX ; tÞ ¼
@U�

@X� þ
1

2

@U�

@X�

� �2

þ
@V�

@X�

� �2
 !

: ð4Þ

Note that the strain is already non-dimensional since the displacements and X are normalized by
the same variable. Since U� and V� are functions of X� and t�; so is e�: Then, the strain energy
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can be written as

PE�
strain ¼

1

2

Z L�

0

E�A�
0 e
�2 dX�; ð5Þ

where A�
0 is the cross-sectional area of the undeformed cable. We normalize the energy by

E�A�
0 L� such that the strain energy becomes

PEstrain ¼
1

2

Z 1

0

U 0 þ 1
2
ðU 02 þ V 02Þ

� �2
dX ; ð6Þ

where primes indicate differentiation with respect to X : The normalized potential energy due to
gravity is given by

PEgravity ¼
Z 1

0

GV ðX ; tÞ dX ; ð7Þ

where G is the ratio of the total weight of the cable to the elastic stiffness and is given by

G ¼ m�g�L�=E�A�
0 : ð8Þ

The non-conservative work done on the system by forces per unit length, puðX ; tÞ and pvðX ; tÞ; is
given by

worknc ¼
Z 1

0

½puU þ pvV � dX ; ð9Þ

where

pu ¼ p�u
L�

E�A�
0

; pv ¼ p�v
L�

E�A�
0

: ð10Þ

The normalized kinetic energy is given by

KE ¼
1

2

Z 1

0

m½ ’U2 þ ’V2� dX ; ð11Þ

where m is the normalized mass per unit length,

m ¼ m� L�2 %o�21
E�A�

0

: ð12Þ

The time t� and the frequency o� are normalized such that

t ¼ t� %o�1 and o ¼ o�= %o�1 ; ð13Þ

where %o�1 is the first natural frequency of the linear transverse model. The first transverse
frequency of the linear model is given by

%o�1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H�

e

m�
L�

l�

r
p

L�
; ð14Þ
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where H�
e is the constant horizontal equilibrium tension, m�L�=l� is the mass per unit horizontal

length denoted as m�
x : The horizontal equilibrium tension is given by

H�
e ¼ E�A�

0 e
�
e 1þ

@U�
e

@X�

� �
; ð15Þ

where e�e and U�
e are equilibrium strain and the horizontal displacements, respectively. Then, we

can rewrite m in Eq. (12) as

m ¼ p2
L�

l�
H�

e

E� A�
0

¼ p2
He

l
; ð16Þ

where He is the normalized horizontal equilibrium tension.
By combining Eqs. (6), (7), (9), and (11), the Lagrangian is given by

L ¼
Z tf

ti

ðKE � PE þ WncÞ dt

¼
Z tf

ti

Z 1

0

m

2
ð ’U2 þ ’V2Þ � 1

2
e2 � GV

n o
þ fpuU þ pvVg

h i
dX dt; ð17Þ

with the nonholonomic constraint

V ðX ; tÞXyobstacle; ð18Þ

where yobstacle is the normalized distance to the obstacle from the horizontal line connecting the
two ends of the cable and is equivalent to yobstacle ¼ �ðh þ dÞ; where d is the normalized
equilibrium sag, and h is the normalized depth of the obstacle (Fig. 1).
If we assume that there is no frictional force when the cable encounters the obstacle, the

functional to be minimized is given by

#L ¼ L� 1
2
gP2ðX ; tÞ; ð19Þ

where g is the penalty parameter. PðX ; tÞ is the penalty function given by

PðX ; tÞ ¼
ðyobstacle � V ðX ; tÞÞ for yobstacle > V ðX ; tÞ

0 for yobstaclepVðX ; tÞ:

(
ð20Þ

The use of the penalty function is equivalent to inserting an elastic foundation with stiffness g;
where the dimensional stiffness g� is normalized by E�A�

0 =L�2: The solution approaches the true
solution as g-N: The Lagrange multiplier in this case is equivalent to limg-N gP: The Lagrange
multiplier is also the reaction force exerted by the obstacle. Dean et al. [17] showed that this
method creates a boundary layer near the obstacle with thickness of order 1=g:
The equations of motion in terms of normalized parameters are given by

m .U � ðeð1þ U 0ÞÞ0 ¼ pu; ð21Þ

m .V � ðeV 0Þ0 þ G ¼ gðyobstacle � V Þþ þ pv; ð22Þ

though for this study, we set pu and pv equal to zero. The possible boundary conditions are
obtained from

½eð1þ U 0Þ�dU j10 ¼ 0; eV 0dV j10 ¼ 0: ð23Þ
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In our case, the two ends are fixed such that

Uð0; tÞ ¼ 0; V ð0; tÞ ¼ 0; Uð1; tÞ ¼ l � 1; V ð1; tÞ ¼ 0: ð24Þ

If l is greater than 1, the cable is stretched out. If l equals zero, the two ends overlap, and the
problem is equivalent to that of a hanging chain.
The equations of motion (without external forcing and obstacle) and boundary conditions

(Eqs. (21), (22) and (24)) depend on m; G; and l:Note that m in Eq. (16) depends on He; which can
be obtained by solving the static equations. The static equations depend only on G and l: Then, m

is a function of G and l: Therefore, the dynamic response depends on three quantities, G; l; and
initial conditions.

3. Results and discussion

The normalized equations of motion and boundary conditions given in the previous section
revealed that the natural frequencies depend only on G; l; initial conditions, and h: Recall that G is
the ratio of the total weight to the longitudinal stiffness, l is the ratio of the distance between the
two ends to the undeformed length of the cable, and h is the ratio of the minimum distance
between the cable and the obstacle (Fig. 1(b)) to the undeformed length of the cable.
Because we are interested only in the first symmetric natural frequency, we supply initial

displacements that resemble the first symmetric mode shapes,

UðX ; 0Þ ¼ UeðX Þ þ A0U1ðX Þ; V ðX ; 0Þ ¼ VeðX Þ þ A0V1ðX Þ; ’UðX ; 0Þ ¼ ’VðX ; 0Þ ¼ 0; ð25Þ

where A0 is the initial vertical displacement at the midpoint. U1ðX Þ and V1ðX Þ are the first mode
shapes as given by Irvine and Caughey for a shallow-sag cable and Saxon and Cahn for an
inextensible cable (see Appendix A). The mode shapes are normalized such that the midpoint
vertical displacement, V1ð12Þ; is 1. The equilibrium displacements, Ue and Ve; are obtained by
solving the static equations. In the absence of gravity, they are given by

Ue ¼ ðl � 1ÞX ; Ve ¼ 0: ð26Þ

By fixing the shape of the initial displacement (Eqs. (25) and (26)), the natural frequencies now
depend on G; l; A0; and h: In addition, we will let h ¼ A0=2 or A0=3: Then, the natural frequencies
depend only on G; l; and A0: Irvine [18] presented their results in terms of the sag-to-span ratio
and a parameter l2; which is the ratio of the elastic to geometrical stiffness and is defined by
Eqs. (A.1) and (A.2) in Appendix A. A pair of values for G and l corresponds to a unique pair of
values for l2 and d=l: For each of these cases, then, the natural frequencies depend on l2; d=l; and
A0: In this section, we explore the effects of each of these parameters on the first symmetric
frequency.
The non-linear equations of motion are solved numerically using a central difference in space

with 401 nodes and the Runge–Kutta method of fourth and fifth order in time. The penalty
parameter or the spring constant of the elastic foundation is chosen sufficiently large to keep the
total energy relatively constant.
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3.1. Comparison with Cabannes’s results—no gravity

We will first show that the numerical solution of the present model can produce the analytical
result obtained by Cabannes [1,19] for the limiting case when the cable behaves as a linear taut
string and G ¼ 0: Fig. 4 compares the vertical displacements at the midpoint of the cable obtained
analytically by Cabannes and numerically by solving our present cable model. Here, we used
l ¼ 1:05; A0 ¼ 0:01; and h=A0 ¼ 1

2
: The figure shows a good agreement between the analytical and

numerical solutions. The first natural frequency is very close to that of a linear taut string. Recall
that the natural frequencies are normalized by the first natural frequency of a linear taut string so
that the first natural frequency of a linear taut string is 1.
According to Cabannes, the period is modified such that

T ¼
ðp þ qÞ

2
Tn: ð27Þ

In our case, p=q ¼ 1
2
and the period of the motion is

period ¼
1þ 2

2
2p ¼ 3p; ð28Þ

which is confirmed by Fig. 4.
Fig. 5 shows the kinetic and potential energy obtained by solving the present cable

model numerically. The expressions for potential and kinetic energy are given by Eqs. (6), (7)
and (11). The integration is performed using a trapezoidal rule. The change in the total energy
at t ¼ 12 is �0:079% of the original value, which is very small. Therefore, the total energy can be
considered conserved, and this verifies that the stiffness of elastic foundation ðg ¼ 108Þ and
shows that the number of nodes used here ðN ¼ 401Þ is adequate for providing an accurate
solution.
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3.2. Effects of large amplitude—no gravity

We will now increase the amplitude of the initial vertical displacement in order to explore the
geometrical non-linearity due to large amplitude. We vary the amplitude from 0.01 to 0.09 with
0.02 increments. We let l ¼ 1:05; and h=A0 ¼ 1

2
: The midpoint displacements, normalized by the

amplitudes, are shown in Fig. 6. The shapes of the responses are similar, but the response is faster
when the amplitude is greater. This is similar to what occurs for free vibration without the
obstacle in air.
We can find the frequency from the inverse of the time it takes to complete one cycle (near 3p in

these cases). Alternatively, we can compute the frequency comparing the times to the first two
impacts of a cable with those of a taut string. The latter has the advantages that it can be
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computed before significant numerical error accumulates, and it can be defined even for aperiodic
motions.
We will denote the times to the first and the second contact as t1 and t2: The analytical solution

obtained by Cabannes gives us 2.09 and 7.33 for the times to the first and the second contact,
respectively. t1 and t2 � t1 obtained for different amplitudes are normalized by these analytical
results and then inverted to give the frequency ratios. The frequency ratio, t1taut=t1; gives a very
good approximation to the in-air natural frequency, o1; because the cable has not interacted with
the obstacle until t1:
The periods and the angular frequencies obtained using t1 are shown in Table 1. The frequency

ratio, 2:09=t1; tells us something about the cable itself due to its own non-linearity (such as
geometrical non-linearity due to large amplitude) and independent of the obstacle. The frequency,
ð7:33� 2:09Þ=ðt2 � t1Þ; on the other hand, tells us something about the frequency variation due to
the interaction with the obstacle in addition to effects of its own non-linearity. In our case, the two
frequencies are identical at least to the second decimal place. This suggests that, for G ¼ 0;
Cabannes’s results hold with respect to the free natural frequency which is modified solely by the
cable non-linearity due to large amplitude [2].

3.3. Effects of varying amplitude with gravity

In this section, the effect of varying the initial amplitude of the vertical displacement in the
presence of gravity on a nearly taut string is investigated. We will limit the range of amplitudes to
a ‘‘small’’ amplitude in order to isolate the effects of gravity from the geometrical non-linearity
due to the large amplitude explored in the previous section. The reason that we do not consider
the large amplitude vibration is that as amplitude increases, the effects of gravity becomes small
(the sag caused by the gravity is negligible compared to the amplitude of vibration), and the
responses become similar to the ones without gravity that were investigated in Section 3.2. It
should be noted that the terms ‘‘small’’ and ‘‘large’’ are somewhat imprecise. We will define a
large amplitude as one that will modify the frequency by more than 1%, and we will denote
it as Alarge: It should also be noted that Alarge depends on l: If gravity is included, Alarge also
depends on G:
When the amplitude is small, we found that the first natural frequency stays roughly at 1 in the

absence of gravity (see previous section). However, we will find that this is not the case in the
presence of gravity. Here, we will consider two cases. The first case is when the sag is insignificant
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Table 1

Period and frequency when the amplitude is varied in the absence of gravity

A0 0.01 0.03 0.05 0.07 0.09

t1 2.09 2.06 2.01 1.95 1.86

o; 2:09=t1 1.00 1.01 1.04 1.07 1.12

t2 7.32 7.24 7.08 6.85 6.52

o; ð7:33� 2:09Þ=ðt2 � t1Þ 1.00 1.01 1.04 1.07 1.12
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compared to the amplitude but still smaller than Alarge ðdoA0oAlargeÞ; and the second case is
when the sag is much larger than the amplitude, A0{d:
We let G ¼ 0:0001; l ¼ 1:05; and h=A0 ¼ 1

2
: The values of G and l are such that the cable is

essentially a taut string (l2 ¼ 6:46 10�5 and d ¼ 0:000024). From Table 1, we see that, for
l ¼ 1:05; amplitudes greater than 0.01 are considered large. A relatively taut string (i.e., l2E0Þ is
used here so that we can explore the dynamic behavior when the amplitude is greater than the sag.
A stable solution was difficult to obtain for a cable with a large l2:

3.3.1. Insignificant sag, doA0oAlarge

The dynamic vertical displacements at the midpoint are shown in Fig. 7 for A0 ¼ 0:0003;
0.0005, 0.001, 0.005, and 0.01. These values are chosen so that they are still much greater than the
sag, yet small enough so that the geometrical non-linearity due to large amplitude is small. We
should keep in mind that when the obstacle is removed, the responses should look identical to that
of a linear taut string. This can be verified by the fact that the responses in Fig. 7 before the first
impact are identical.
After the first impact, the responses deviate from Cabannes’s analytical solution and are no

longer periodic. As A0 increases, the response approaches that of a linear taut string without
gravity (Cabannes’s analytical solution). Therefore, gravity becomes negligible as A0 increases as
mentioned previously. When the amplitude is smaller, it takes longer to hit the obstacle for the
second time. In order to understand why this occurs, let us consider the distance between the cable
in equilibrium and the obstacle. The distance varies from h at X ¼ 1

2
to h þ d at X ¼ 0 and 1:

Therefore, the average distance between the obstacle and the equilibrium position is greater than h
resulting in slower responses. As A0 increases, the variation in the distance or the sag, d; is small
compared to A0: Therefore, as A0 increases, the effect of the non-zero equilibrium position has a
smaller effect on the overall dynamics. This is shown in Fig. 7 where the response corresponding
to A0 ¼ 0:01 is close to the response of a linear taut string with no gravity.
As the amplitude is increased further, we expect that the effects of geometrical non-linearity will

be more significant than the effects of gravity. Therefore, we expect that the responses to large
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initial amplitudes will be similar to those without gravity as shown in the previous section in
Fig. 6.

3.3.2. Significant sag, A0{d

In this section, we will investigate the response when the sag is larger than the amplitude of
vibration. Let us consider the responses for a very small A0 so that the non-linear effects of large
amplitude are not important. The solid line in Fig. 8 is the dynamic vertical displacement when
A0 ¼ 0:00001: In this case, the cable seems to rest on the obstacle momentarily. In fact, results for
a cable interacting with a straight obstacle are similar to the solution of a taut string interacting
with a point obstacle. It is easier to see when the straight obstacle is viewed from the equilibrium
position of the cable as shown (Fig. 9). The obstacle looks like a convex obstacle whose height is
described by �ðh þ d þ VeÞ=A0: The distance from the obstacle to the cable is greatest at the two
ends of the cable and smallest in the middle. As A0 becomes smaller, a smaller section of the cable
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interacts with the obstacle. In the limit, the straight obstacle acts as a point obstacle. Cabannes
[20] showed for a point obstacle that the motion of a string is periodic if the ratio h=A0 is rational,
and the period is ð3q � pÞTn=2; where h=A0 ¼ p=q: h is positive upward, and Tn is the period of a
free string. In this case when the obstacle is placed a distance of A0=2 below the cable so that
p ¼ �1; q ¼ 2 and the period is 7p: Cabannes’s solution in Fig. 8 repeats itself after t ¼ 7p: Note
that the numerical solution becomes increasingly inaccurate with time due to numerical instability
associated with the stiff obstacle.
It was shown by Cabannes [19] that a persistent contact (for a linear taut string without gravity)

is possible only when the obstacle is convex with respect to the string. However, it is easy to show
that, when gravity is included, a persistent contact is possible for a straight obstacle and also for a
concave obstacle as long as the obstacle is placed below the string. To see this, we examine the
equation of motion in the vertical direction (Eq. (22)) with distributed reaction force, R (acting in
the positive vertical direction), given by

m .V � ðeV 0Þ0 þ G � R ¼ 0: ð29Þ

Persistent contact ð .V ¼ 0Þ is possible if and only if the reaction force is positive (normal to the
obstacle) or

�ðeV 0Þ0 þ G > 0; �ðe0V 0 þ eV 00Þ þ G > 0: ð30Þ

For a straight obstacle, V 0 ¼ V 00 ¼ 0: G is positive, and therefore, it is possible to have a persistent
contact. Note that if the obstacle is placed above the cable, we require R to be negative. This
cannot be satisfied, and therefore, a persistent contact is impossible.
The analytical solution of Cabannes [20] with a point obstacle (placed at X ¼ 1

2
and y ¼ �A0=2Þ

is also plotted in Fig. 8. The two responses are quite similar, and therefore, we can conclude that
the straight obstacle acts as a point obstacle if the amplitude of vibration is very small.
We find that the variation in the frequency for amplitudes less than Alarge ðA0oAlargeÞ is mainly

due to the change in the effective shape of the obstacle (e.g., the straight obstacle acts as a convex
obstacle for doA0oAlarge and a point obstacle for A0{dÞ: For A0 > Alarge; the obstacle behaves
as a straight obstacle, and the variation in the frequency is mainly due to the geometrical non-
linearity caused by large amplitude.
As a summary, Table 2 shows the normalized frequencies obtained from the time that the first

two contacts occurred for both cases of insignificant and significant sag. By combining the results
with the case of a large amplitude vibration in Table 1, we can show that the variation in the
frequency for a wide range of A0 after the contact has occurred (Fig. 10).
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Table 2

Period and frequency with gravity for amplitudes smaller than Alarge

A0 0.00001 0.0003 0.0005 0.001 0.005 0.01

t1 2.09 2.09 2.09 2.09 2.09 2.09

x; 2:09=t1 1.00 1.00 1.00 1.00 1.00 1.00

t2 7.86 7.73 7.62 7.50 7.37 7.35

x; (7:33� 2:09Þ=ðt2 � t1Þ 0.91 0.93 0.95 0.97 0.99 1.00
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3.3.3. Periodic response
Naturally, we ask under what conditions the response is periodic for all A0 just as in the case of

a linear taut string without gravity. One circumstance is when the obstacle assumes the shape of
the equilibrium configuration. That is, the depth of the obstacle is yobstacle ¼ VeðX Þ � h: Fig. 11
shows the dynamic vertical displacement at the midpoint when such a curved obstacle is placed
below the equilibrium position. For comparison, the vertical displacements with a straight
obstacle with and without gravity are also plotted. Again, we used A0 ¼ 0:001 and l ¼ 1:05: We
find that when a curved obstacle is used, the periodicity is recovered.
This is possible because the cable is essentially a taut string. The linear taut string equations can

be recovered by assuming that

U 0{1; V 02{U 0: ð31Þ

Then the strain in Eq. (4) is reduced to

e ¼ U 0: ð32Þ
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Then, the longitudinal equation of motion (21) becomes

m .U � U 00 ¼ 0: ð33Þ

In addition, we let e ¼ ed þ ee; where ed is the dynamic strain and ee is the equilibrium strain. It is
reasonable to assume that the dynamic strain is negligible compared to the equilibrium strain, and
the equilibrium strain is constant (i.e., constant equilibrium tension). Then, the vertical equation
of motion (22) is reduced to

m .V � eeV
00 þ G ¼ gðyobstacle � V Þ2: ð34Þ

By writing V ¼ Vd þ Ve and yobstacle ¼ VeðX Þ � h; we find that

m .Vd � eeV
00
d ¼ gðh � VdÞ

2: ð35Þ

Therefore, by assuming that the shape of the obstacle mirrors the equilibrium configuration of the
cable, we were able to recover the equation of motion of a linear taut string vibrating against a
straight obstacle without gravity.
Note that the same analysis cannot be applied to a cable with a large l2: In that case, the

response will not be periodic even if the obstacle takes the shape of the equilibrium configuration.

3.4. Effects of varying l2 on a shallow-sag cable

In Section 3.3, we investigated the effect of amplitude on a nearly taut string with and without
gravity. In this section, we wish to study the effect of l2 on a shallow-sag cable with small
amplitudes. It was mentioned earlier that the amplitude is considered small if the variation in the
natural frequency is also small. In order to find the range of amplitude that is considered small, we
turn to the study conducted by Hagedorn and Schafer [5] and Takahashi and Konishi [6].
Hagedorn and Schafer investigated the amplitude dependence of the natural frequencies of a
shallow-sag cable using the assumed mode method and Irvine and Caughey’s mode shapes
(Eq. (A.3)). Fig. 12 shows these approximations to the natural frequencies for a range of initial
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amplitudes (given in figure caption). The figure reveals that the natural frequencies are more
sensitive to amplitude variations for cables with larger l2: In addition, Irvine and Caughey’s
results are valid for a very small amplitude vibration (A0p0:0001Þ: Therefore, in order to compare
our findings with those of Irvine and Caughey, we will consider amplitudes less than or equal to
0.0001.
Even though Fig. 12 seems to suggest that the response only hardens (increasing frequency with

increasing amplitude), this is not true in general. For a different range of amplitude, the frequency
can also decrease with increasing amplitude. This is demonstrated in Fig. 6 of Ref. [6], where weak
softening is observed for 0:0015od=lo0:01 and He ¼ 900: Again, neither hardening nor softening
effects are significant for amplitude less than 0:0001:
We first vary l from 0.98 to 1.003 and set G ¼ 0:0001 and h=A0 ¼ 1

2
and 1

3
: This range of l;

between 0.98 and 1.003 with G ¼ 0:0001; can produce l2 between 0.347 and 3:47 103

(�0:46plog10p3:54) and d=l always less than 1=8:
For all cases, we will let the ratio A0=d ¼ 0:00115: In the previous section, we found that the

ratio A0=d determines how the obstacle behaves. For example, as the initial amplitude decreases,
the straight obstacle behaves as a convex obstacle with decreasing radius of curvature. In the limit,
the curvature will become very small so that the straight obstacle will behave as a point obstacle.
As we vary l2; the sag varies. Therefore, if we keep the initial amplitude constant, the ratio A0=d
will also vary as the sag, d; varies. For all cases, we want the straight obstacle to behave the same
way. Therefore, we keep the ratio A0=d constant by varying the amplitude. The numerical value of
the ratio A0=d is determined from the cable with l ¼ 0:98: A0=d with A0 ¼ 0:0001 for this cable is
0.00115, and this value is used for all the other cables.
Fig. 13 shows a sample response when l ¼ 0:98 and l ¼ 1:003: In both cases, the responses are

not periodic. We also notice that the time to the first impact is different. It takes longer for the
cable with l ¼ 1:003 to reach the obstacle. This is due to the fact that the first symmetric natural
frequencies are modified according to Irvine and Caughey’s result in Eq. (A.4). However, we will
find that Irvine and Caughey’s results alone cannot explain the differences that we see in the
sample response. In this section, we attempt to explore where the additional discrepancies come
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from. It should be noted that numerical error builds up with each impact, and the response after
two impacts is no longer smooth (solid line in Fig. 13).
We will report our results in terms of the times to the critical events, as we have done

previously. To do so, let us reiterate the definitions of the critical times. We denote the first
two times that a linear taut string comes in contact with the straight obstacle as t1;taut and t2;taut

(Fig. 14(a)). Further, we denote the first two times that a linear taut string comes in contact with
the point obstacle as t

p
1;taut and t

p
2;taut (Fig. 14(b)). In addition, t

p
c;taut is the time that the cable leaves

the point obstacle after the first contact. The times to the first contact with a straight obstacle and
a point obstacle will always be the same (i.e. t1;taut ¼ t

p
1;taut). The first two times that a cable comes

in contact with a straight obstacle are denoted as t1 and t2; and the time that the cable leaves the
obstacle after the first contact is denoted as tc (Fig. 14(c)).
First, we compare the time to the first contact (t1Þ and the time between the first two contacts

(t2 � t1Þ of a cable to those of a linear taut string with a straight obstacle. The frequency ratios,
t1;taut=t1 and ðt2;taut � t1;tautÞ=ðt2 � t1Þ; are plotted in Fig. 15. The first ratio, t1;taut=t1; should follow
Irvine and Caughey’s results closely since the cable has not yet interacted with the obstacle, and it
does. However, the frequency ratio based on ðt2 � t1Þ does not. Instead, it produces frequency
ratios that are slightly smaller than the frequencies obtained by Irvine and Caughey for all l2: The
discrepancy comes partly from the fact that, for a cable, the obstacle no longer behaves as a
straight obstacle, but as a point obstacle. This was previously demonstrated for the limiting case
of a taut string with a small amplitude of vibration in Section 3.3.2, where we showed that the
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frequency ratio ðt2;taut � t1;tautÞ=ðt2 � t1Þ approached 0.91 (Table 2) as the amplitude decreased.
This value agrees with the frequency ratio of the current case when l2 ¼ 0:347 (log10l

2 ¼ �0:46Þ
in Fig. 15. Does this mean that the discrepancy between ðt2;taut � t1;tautÞ=ðt2 � t1Þ and Irvine and
Caughey’s results can be explained only by the change in the effective shape of the obstacle (from
straight to point obstacle)?
In an attempt to remove the influence of the effective shape of the obstacle, we compare our

critical times with those of a taut string vibrating against a point obstacle whose response is shown
as a dotted line in Fig. 8. For a taut string with a point obstacle located at y ¼ �A0=2; the critical
times are t

p
1;taut ¼ 2:09 (same as t1;taut) and t

p
2;taut ¼ 7:86: Fig. 16 shows the frequency ratios t

p
1;taut=t1

and ðtp
2;taut � t

p
1;tautÞ=ðt2 � t1Þ: We find that the frequency ratio based on t2 � t1 agrees better with

Irvine and Caughey’s result for cables with smaller l2: For cables with larger l2; the frequency
ratio, ðtp

2;taut � t
p
1;tautÞ=ðt2 � t1Þ; is still slightly smaller than the natural frequencies obtained by

Irvine and Caughey. That is, the change in the effective shape of the obstacle alone cannot explain
the reduction in the frequency ratio ðt2;taut � t1;tautÞ=ðt2 � t1Þ:
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We will continue to compare our results with those of a linear taut string with a point obstacle.
In addition to t1 and t2; let us look at the time that the cable leaves the obstacle, t

p
c;taut and tc:

Fig. 17 shows the frequency ratios, t
p
1;taut=t1; ðt

p
c;taut � t

p
1;tautÞ=ðtc � t1Þ; and ðtp

2;taut � t
p
c;tautÞ=ðt2 � tcÞ:

The second frequency ratio is based on the time that the cable is in contact with the obstacle, and
the third is based on the time that the cable is vibrating freely after the first contact and before the
second contact. The figure shows that the frequency ratios follow Irvine and Caughey’s results
when the cable is not in contact with the obstacle (based on t1 and t2 � tc). On the other hand, the
frequency ratio calculated based on the time that the cable stays in contact with the obstacle
(based tc � t1) is slightly reduced. This is an important result since it says that the cable behaves
differently when it is in contact with the obstacle from when it is not. In other words, only the time
that the cable is in contact with the obstacle is disproportionately increased for larger l2:
The filled symbols in Fig. 17 are the frequency ratio, ðtp

c;taut � t
p
1;tautÞ=ðtc � t1Þ; for h=A0 ¼ 1

3
:

Similar behavior is observed in that the frequency ratio based on the amount of time that the cable
stays with the obstacle is reduced for cables with large l2: For both h=A0 ¼ 1

2
and h=A0 ¼ 1

3
; the

reductions in the frequency ratio based on the contact time, ðtp
c;taut � t

p
1;tautÞ=ðtc � t1Þ; do not

significantly differ.

3.5. Effect of sag-to-span ratio on cables with constant l2

We now investigate the effect of sag-to-span ratio on cables with l2 ¼ 595:7 ðlog10l
2 ¼ 2:775Þ:

The values of l; G; d=l; and c0 are given in Table 3. c0 is the angle that the cable ends make with
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Table 3

Sets of l and G used in Fig. 18

l 0.610 0.678 0.752 0.833 0.913

G 0.0562 0.0428 0.0292 0.0160 0.0058

d=l 0.605 0.500 0.400 0.300 0.200

c0 71:8� 67:4� 61:4� 52:7� 39:8�
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the horizontal and is used as a measure of sag. For example, c0 ¼ 0� for a horizontal cable and
c0 ¼ 90� for a hanging cable. Fig. 18 shows the frequency ratios based on t1; tc � t1; and t2 � tc as

functions of c0 for h=A0 ¼ 1
2
: The frequency ratios plotted here are t

p
1;taut=t1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
He=Gl tanð2c0Þ

p
;

ðtp
c;taut � t1;tautÞ=ðtc � t1Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
He=Gl tanð2c0Þ

p
; and ðtp

2;taut � t
p
c;tautÞ=ðt2 � tcÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
He=Gl tanð2c0Þ

p
:

In the same figure, the frequency ratios based on ðtc � t1Þ for h=A0 ¼ 1
3
are plotted using the

filled symbols. The experimental data by Rudnick et al. (reviewed in Ref. [14]) are also plotted as a
solid line. Again, the contact time (tc � t1Þ for both h=A0 ¼ 1

2
and 1

3
is disproportionately longer,

therefore, reducing the frequency ratio. The percent reduction is larger for a cable with larger sag.
However, it appears that the reduction in the frequency ratios is not significantly affected by the
ratio, h=A0:

4. Summary and conclusion

The equations of motion of a cable using the finite strain model and Hamilton’s variational
principle were derived. The model included horizontal as well as vertical displacement. The
equations of motion and boundary conditions were normalized so that we were able to identify
three factors that affect the response: the ratio of the span to the undeformed length of the cable,
the ratio of the weight to the longitudinal stiffness, and initial conditions.
We showed that the current numerical scheme was adequate by comparing our results with

Cabannes’s analytical solution for a taut string vibrating against a straight obstacle. The total
energy was plotted to show that it stayed relatively constant after the first two contacts with the
obstacle.
We investigated the effect of varying the initial vertical amplitude, A0; with zero initial velocities

in the absence of gravity. The numerical solution to the fully non-linear equations motion showed
that the periodicity seen in the analytical solution of a linear taut string was maintained, but the
frequency increased with increasing amplitude.
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Once gravity was included, it is found that the periodicity was lost even for a taut string. This
periodicity was recovered when the obstacle took the shape of cable’s equilibrium configuration.
It was found that the ratio A0=d determined how the straight obstacle behaved. For example,
when the initial amplitude was much larger than the sag, the straight obstacle behaves as a straight
obstacle. As the value of A0=d decreased, the straight obstacle behaved as a convex obstacle with
an decreasing radius of curvature. The behavior approached that of a point obstacle in the limit as
A0=d became small, and the analytical results of Cabannes for the linear taut string with a point
obstacle could be used to predict the motion of the cable.
We explored the effect of varying curvature on a shallow-sag cable for h=A0 ¼ 1

2
and 1

3
: The ratio

A0=d was kept constant at 0:00115 so that the obstacle would behave in a consistent manner as we
varied the curvature. In all cases, the motion was no longer periodic. The times to the critical
events such as the time to the first contact and the time between the first and the second contact (t1
and t2 � t1Þ were monitored. The two frequency ratios were obtained by comparing these critical
times to those of a taut string vibrating against a straight obstacle. It was found that the frequency
ratios based on the time to the first impact followed Irvine and Caughey’s results closely. However,
the frequency ratios based on the time between the two impacts were smaller than the frequencies
obtained by Irvine and Caughey for all l2: The discrepancy was greater for cables with larger l2:
There were two reasons for this. The first was that the straight obstacle behaves as a point obstacle
when the amplitude was very small. It was demonstrated that the time to the second contact for a
point obstacle was larger than for a straight obstacle. The second reason was that the time that the
cable stays in contact with the obstacle became disproportionately longer for a cable with a large
l2: The reduction in the frequency ratio based on the contact time ðtc � t1Þ was a function of l

2 and
sag to span ratio. However, it did not appear that the ratio h=A0 had a considerable impact on the
frequency ratios. The same analysis was performed on an inextensible deep-sag cable for h=A0 ¼ 1

2
and 1

3
: For all values of sag we used, only the frequency ratios based on tc � t1 were reduced.

Again, it appeared that the ratio h=A0 did not have a considerable impact on the frequency ratios.
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Appendix A. Previous studies by Irvine and Caughey, and Saxon and Cahn

In this section, the mode shapes and the frequency equation for symmetric modes obtained by
Irvine and Caughey for a shallow-sag cable and those for an inextensible cable by Saxon and
Cahn are listed.

A.1. Irvine and Caughey’s results

Here, we will present the symmetric mode shapes and the frequency equation for a shallow-sag
cable. Irvine and Caughey [9] studied the effect of gravity on a shallow-sag cable. Their results are
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expressed in terms of l2 and d=l; where l2 is defined by

l2 ¼
ðm�g�l�Þ2E�A�

0

H�3
e

l�

L�e
; ðA:1Þ

where L�e ¼
R l�
0 ð1þ ð@V�

e =@x�Þ2Þ3=2 dx�: In terms of variables in this paper, l2 is given by

l2 ¼
G2

H3
e

l�

L�e
: ðA:2Þ

l2 represents the ratio of elastic to geometrical stiffness. If l2 is large, the cable acts as an
inextensible cable such that it will rearrange itself geometrically to achieve a certain shape of
vibration. If l2 is small, the cable will achieve the same effects by extending.
Irvine and Caughey found that the nth symmetric mode shapes are given by

VnðX Þ ¼
1� tanðxn=2Þ sinðxnX Þ � cosðxnX Þ

1� 1=cosðxn=2Þ
:

UnðX Þ ¼ 8
d

l

1

1� 1=cosðxn=2Þ


x2

nl

l2Le

X þ 24
d

l

� �2

ðX � 2X 2 þ 4X 3=3Þ

 !(

� 1
2
ð1� 2X Þ 1� tan

xn

2
sinxnX � cosxnX

� �

�
1

xn

xnX � tan
xn

2
ð1� cosxnX Þ � sinxnX

� �)
; ðA:3Þ

where xn satisfies the characteristic equation given by

tan
xn

2
¼

xn

2
�

4

l2
xn

2

� �3
: ðA:4Þ

Note that Irvine and Caughey’s natural frequencies are related to our natural frequencies by
xn ¼ pon:

A.2. Saxon and Cahn’s results on an inextensible cable

Here, we present the symmetric mode shapes and the frequency equation for an inextensible
cable. Saxon and Cahn [14] found that the nth symmetric mode shapes are given by

unðcÞ ¼ cosð *onf þ g= *onÞ cos1=4 c�
cosð *onf ðc0Þ þ gðc0Þ= *onÞ

cos
3=4
0 c0

cosc;

vnðcÞ ¼ sinð *onf þ g= *onÞ
cos1=4 c

*on

�
cosð *onf ðc0Þ þ gðc0Þ= *onÞ

cos
3=4
0 c0

sin c; ðA:5Þ

where un and vn are the nth symmetric mode shapes of the normal and tangential (along the cable)
displacements, c is the angle that the cable (in equilibrium) makes with the horizontal, c0 is the
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angle that the cable makes with the horizontal at the fixed end, f and g are defined as

f ðcÞ ¼
Z c

0

1

cos3=2 %c
d %c;

gðcÞ ¼
11

8

Z c

0

1þ 1
44
tan2 %c

� �
cos3=2 %c

n o
d %c; ðA:6Þ

and *o satisfies the frequency equation given by

cotð *of ðc0Þ þ gðc0Þ= *oÞ ¼
1

*o
cos5=2 %c0

sin %c0

: ðA:7Þ

The mode shapes of the vertical and horizontal displacements are obtained by transforming the
co-ordinate system such that

UnðcÞ

VnðcÞ

" #
¼

�sin c cosc

�cosc �sin c

" #
unðcÞ

vnðcÞ

" #
; ðA:8Þ

and c can be written such that

c ¼ tan�1
�dVe

dX þ dUe

: ðA:9Þ

The last equation gives us the relationship between c and X so that the mode shapes can be
expressed in terms of X instead of c:

Appendix B. Nomenclature

Dimensional variables

A�
0 cross-sectional area of the reference cable, m2

d� sag, m
E� Young’s modulus, N=m2

h� distance between the obstacle and the cable, m
H�

e horizontal component of the tension, N
KE� kinetic energy, Nm
L� length of the undeformed cable, m
l� span, the distance between the two ends, m
m� mass per unit undeformed length, kg/m
m�

x mass per unit horizontal length, kg/m
PE� potential energy, Nm
p�u horizontally distributed load, N/m
p�v vertically distributed load, N/m
t� time, s
t�1 the time to the first impact, s
t�2 the time to the second impact, s
TE� total energy, Nm
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U� horizontal displacement, m
U�

e static horizontal displacement, m
V� vertical displacement, m
V�

e static vertical displacement, m
X� Lagrangian co-ordinate, m
x� Eulerian co-ordinate, m
e�ij Green’s strain
s�ij the second Piola–Kirchhoff stress, N=m2

o�1 the first symmetric natural frequency, rad/s

%o�1 o�1 of a linear taut string, rad/s

Nondimensional variables

A0 A�
0 =L�2

d d�=L�

G m�g�L�=E�A�
0

h h�=L�

He H�
e =E�A�

0

KE KE�=E�A�
0 L�

l l�=L�

m m�L�2 %o2
1=E�A�

0

PE PE�=E�A�
0 L�

pu p�u L�=E�A�
0

pv p�v L�=E�A�
0

t t� %o�1
ti t�i %o�1
TE TE�=E�A�

0 L�

U U�=L�

Ue U�
e =L�

V V�=L�

Ve V�
e =L�

X X�=L�

x x�=L�
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